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ABSTRACT 

Non-homogeneous binary quadratic equation representing hyperbola given by 565 22  yx
 is analyzed for 

its non-zero distinct integer solutions. A few interesting relations among its solutions are presented. Also, 

knowing an integral solution of the given hyperbola, integer solutions for other choices of hyperbola and 

parabola are presented. Also, employing the solutions of the given equation, is constructed. 
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1. INTRODUCTION 

The binary quadratic Diophantine equations of the form )0,,(,22  cbaNbyax  are rich in variety and 

have been analyzed by many mathematicians for their respective integer solutions for particular values of ba,

and .N  In this context, one may refer [1-18]. 

       

 This communication concerns with the problem of obtaining non-zero distinct integer solutions to the binary 

quadratic equation given by, 565 22  yx  representing hyperbola. A few interesting relations among  its 

solutions are presented. Knowing an integral solution of the given hyperbola, integer solutions for other choices 

of hyperbolas and parabolas are presented. Also, employing the solutions of the given equation, is constructed. 

 

2. METHOD OF ANALYSIS 
The Diophantine equation representing the binary quadratic equation to be solved for its non- zero distinct 

integral solution is  

                                                                      565 22  yx                                                                          (1) 

Introduce the linear transformation   

                                                          
TXyTXx 5,6                                                                         (2) 

From (1) & (2) we have  

                                                                              530 22  TX                                                                    (3) 

whose smallest positive integer solution is  

1,5 00  TX  

To obtain the other solutions of (3), consider the pell equation , 

                                                                       130 22  TX                                                                            (4) 

whose smallest positive integer solution is  

2
~

,11
~

00  TX  

The general solution of (4) is given by, 
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Applying Brahmagupta lemma between ),( 00 yx  and )~,~( nn yx  the other integer solutions of (1) are given by, 

nnn

nnn

gfy

gfx

553010302

603011302

1

1








 

The recurrence relations satisfied by x  and y  are given by, 

022

022

321

321









nnn

nnn

yyy

xxx
 

Some numerical examples of  x  and y  satisfying (1) are given in the table 1 below. 

 
Table 1: Numerical examples 

n 
nx  ny  

0 11 10 

1 241 220 

2 5291 4830 

3 116161 106040 

4 2550251 2328050 

 

From the above table, we observe some interesting relations among the solutions which are presented below: 

 nx  values are always  odd . 

 ny  values are always even. 

 

 Each of the following expressions is a nasty number. 

 ]1212264[ 3222   nn xx  

 ]13262898[
11

1
4222   nn xx  

 ]12144132[ 2222   nn yx  

 ]1321442892[
11

1
3222   nn yx  

 ]289214463492[
241

1
4222   nn yx  

 ]122645796[ 4232   nn xx  

 ]1228812[ 2232   nn yx  
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 ]1231682892[ 3232   nn yx  

 ]122885772[ 4232   nn yx  

 ]289269552132[
241

1
2242   nn yx  

 ]132695522892[
11

1
3242   nn yx  

 ]126955263492[ 4242   nn yx  

 ]60144666[
5

1
2232   nn yy  

 ]12028866[
10

1
2242   nn yy  

 ]60317461446[
5

1
3242   nn yy  

 

 Each of the following expressions is a cubical integer: 

 ]6132244[ 214333   nnnn xxxx  

 ]31449483[
11

1
315333   nnnn xxxx  

 ]72662422[ 113333   nnnn yxyx  

 ]72144624482[
11

1
214333   nnnn yxyx  

 ]72317462410582[
241

1
315333   nnnn yxyx  

 ]132289844966[ 325343   nnnn xxxx  

 ]1446482[ 123343   nnnn yxyx  

 ]15841446528482[ 224343   nnnn yxyx  

 ]144288648962[ 325343   nnnn yxyx  

 ]34776661159222[
241

1
133353   nnnn yxyx  

 ]34776144611592482[
11

1
234353   nnnn yxyx  

 ]34776317461159210582[ 335353   nnnn yxyx  

 ]7233324111[
5

1
123343   nnnn yyyy  

 ]14433481[
10

1
133353   nnnn yyyy  

 ]158737235291241[
5

1
234353   nnnn yyyy  
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 Each of the following expressions is a biquadratic integer: 

 ]68176244[ 32225444   nnnn xxxx  

 ]6641932483[
11

1
42226444   nnnn xxxx  

 ]696882422[ 22224444   nnnn yxyx  

 ]6696192824482[
11

1
32225444   nnnn yxyx  

 ]144696423282410582[
241

1
42226444   nnnn yxyx  

 ]6176386444966[ 42326454   nnnn xxxx  

 ]61928482[ 22324454   nnnn yxyx  

 ]621121928528482[ 32325454   nnnn yxyx  

 ]6192384848962[ 42326454   nnnn yxyx  

 ]144646368881159222[
241

1
22424464   nnnn yxyx  

 ]6646368192811592482[
11

1
32425464   nnnn yxyx  

 ]646368423281159210582[ 42426464   nnnn yxyx  

 ]309644424111[
5

1
22324454   nnnn yyyy  

 ]6019244481[
10

1
22424464   nnnn yyyy  

 ]30211649645291241[
5

1
32425464   nnnn yyyy  

 

 Each of the following expressions is a quintic integer: 

 ]2044010220244[ 2143336555   nnnnnn xxxxxx  

 ]10483052415483[
11

1
3153337555   nnnnnn xxxxxx  

 ]2402201201102422[ 1133335555   nnnnnn yxyxyx  

 ]2404810120241024482[
11

1
2143336555   nnnnnn yxyxyx  

 ]240105820120529102410582[
241

1
3153337555   nnnnnn yxyxyx  

 ]4409660220483044966[ 3253437565   nnnnnn xxxxxx  

 ]4802024010482[ 1233435565   nnnnnn yxyxyx  

 ]5280482026402410528482[ 2243436565   nnnnnn yxyxyx  

 ]4809620240481048962[ 3253437565   nnnnnn yxyxyx  
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 ]115920220579601101159222[
241

1
1333535575   nnnnnn yxyxyx  

 ]115920482057960241011592482[
11

1
2343536575   nnnnnn yxyxyx  

 ]11592010582057960529101159210582[ 3353537575   nnnnnn yxyxyx

 

 ]241011012055524111[
5

1
1233435565   nnnnnn yyyyyy  

 ]48101024055481[
10

1
1333535575   nnnnnn yyyyyy  

 ]5291024102645512055291241[
5

1
2343536575   nnnnnn yyyyyy  

 

 Relations satisfied by the solutions are as follows: 

 123 22   nnn xxx . 

 121 1112   nnn xxy  

 122 1112   nnn xxy  

 123 1124112   nnn xxy  

 31211   nnn xxx  

 131 241132   nnn xxy  

 13212   nnn xxy  

 133 241132   nnn xxy  

 113 264241   nnn yxx  

 112 1110   nnn yxy  

 113 241220   nnn yxy  

 213 24   nnn yxx  

 213 2411011   nnn yxy  

 313 264241   nnn yxx  

 131 2411112   nnn xxy  

 232 1112   nnn xxy  

 233 1112   nnn xxy  

 123 1224111   nnn yxx  

 122 1011   nnn yxy  

 123 20   nnn yxy  

 223 1110   nnn yxy  

 132 1110241   nnn yxy  

 133 220241   nnn yxy  
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 131 24   nnn yxx  

  233 1011   nnn yxy  

  231 264241   nnn yxx  

  123 22   nnn yyy  

  311 58928450920   nnn yyx  

  312 12959625967920   nnn yyx  

  313 28450913742842920   nnn yyx  

  312 11835714332   nnn yyy   

 

Remarkable Observations: 

Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices 

of hyperbola which are presented in the table 2 below: 

 
Table 2: Hyperbolas 

S.No: Hyperbola ),( YX
 

1) 12030 22 YX
 

]24111

,244[

12

21









nn

nn

xx

xx

 

2) 58080121120 22  YX
 

]481

,483[

13

31









nn

nn

xx

xx

 

3) 2065 22  YX
 

]2022

,2422[

11

11









nn

nn

xy

yx

 

4) 24207265 22  YX
 

]402

,24482[

12

21









nn

nn

xy

yx

 

5) 116162065 22  YX
 

]966022

,2410582[

13

31









nn

nn

xy

yx

 

6) 12030 22 YX
 

]5291241

,44966[

23

32









nn

nn

xx

xx

 

7) 24206605 22  YX
 

]20482

,482[

21

12









nn

nn

xy

yx

 

8) 2065 22  YX
 

]440482

,528482[

22

22









nn

nn

xy

yx

 

9) 24206605 22  YX
 

]9660482

,48962[

23

32









nn

nn

xy

yx

 

10) 116162065 22  YX
 

]2010582

,1159222[

31

13









nn

nn

xy

yx

 

11) 242065 22  YX
 

]44010582

,11592482[

32

23









nn

nn

xy

yx
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12) 2065 22  YX
 

]966010582

,1159210582[

33

33









nn

nn

xy

yx

 

13) 10030 22  YX
 

]244

,24111[

21

12









nn

nn

yy

yy

 

14) 4003000 22  YX
 

]483

,481[

31

13









nn

nn

yy

yy

 

15) 10030 22  YX
 

]44966

,5291241[

32

23









nn

nn

yy

yy

 

 

Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices 

of parabola which are presented in the table 3 below: 

 
Table 3: Parabolas 

S.NO: Parabola ),( YX
 

1) 6030 2 YX
 

]24111

,244[

12

3222









nn

nn

xx

xx

 

2) 264011120 2  YX
 

]481

,483[

13

4222









nn

nn

xx

xx

 

3) 1065 2  YX
 

]2022

,2422[

11

2222









nn

nn

xy

yx

 

4) 110665 2  YX
 

]402

,24482[

12

3222









nn

nn

xy

yx

 

5) 58081061205 2  YX
 

]966022

,2410582[

13

4222









nn

nn

xy

yx

 

6) 6030 2 YX
 

]5291241

,44966[

23

4232









nn

nn

xx

xx

 

7) 12106605 2  YX
 

]20482

,482[

21

2232









nn

nn

xy

yx

 

8) 1065 2  YX
 

]440482

,528482[

22

3232









nn

nn

xy

yx

 

9) 12106605 2  YX
 

]9660482

,48962[

23

4232









nn

nn

xy

yx

 

10) 58081061205 2  YX
 

]2010582

,1159222[

31

2242









nn

nn

xy

yx

 

11) 1210655 2  YX
 

]44010582

,11592482[

32

3242









nn

nn

xy

yx
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12) 1065 2  YX
 

]966010582

,1159210582[

33

4242









nn

nn

xy

yx

 

13) 106 2  YX
 

]244

,24111[

21

2232









nn

nn

yy

yy

 

14) 20300 2  YX
 

]483

,481[

31

2242









nn

nn

yy

yy

 

15) 106 2  YX
 

]44966

,5291241[

32

3242









nn

nn

yy

yy

 

 

3. CONCLUSION 
In this paper, we have presented infinitely many integer solutions for the Diophantine equation, represented by 

hyperbola is given by 565 22  yx . As the binary quadratic Diophantine equations are rich in variety, one 

may search for the other choices of equations and determine their integer solutions along with suitable 

properties. 
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